Specialising to the case of Kerr-Schild spacetimes, which include the Kerr black hole and gravitational wave solutions, we propose a modification of the Penrose quasi-local energy. The modification relies on the existence of a natural Minkowski background for Kerr-Schild spacetimes. We find that the modified surface integral reduces to a volume integral of the Einstein tensor, which has been proposed previously as an appropriate definition for quasi-local energy for Kerr-Schild backgrounds.
Introduction
A reasonable notion of gravitational energy 1 remains an unresolved issue in the context of general relativity more than a century after its discovery. 2 The main difficulty is the lack of a background geometry; a difficulty shared with another important outstanding problem in general relativity: that of quantisation. This means that the well-established NoetherBelinfante-Rosenfeld procedure for the energy-momentum density of matter fields cannot be generalised to include the gravitational field. Indeed, due to the principle of equivalence any tensorial gravitational energy-momentum is expected to vanish locally. Different coordinatedependent approaches have been suggested, such as energy-momentum pseudotensors and bimetric formulations, see e.g. [2] [3] [4] . Alternatively, it is reasonable to look for so-called quasi-local quantities associated to 3-volumes V and their boundary 2-surfaces S, see e.g. [5] [6] [7] [8] . In particular, in a recent interesting proposal, Wang and Yau attempt to formulate a reasonable definition of quasi-local energy by considering isometric embeddings in flat spacetime, hence overcoming the problem of background independence [9, 10] .
In this paper, we consider the issue of a background geometry and its seeming necessity for a reasonable definition of quasi-local energy by focusing on Penrose's proposal for quasilocal energy in the context of Kerr-Schild spacetimes. Kerr-Schild spacetimes, which include the Kerr(-Newman) black hole and gravitational wave solutions, are a simple, yet non-trivial, class of metrics with a natural background spacetime to work on.
The Penrose charge integral [6, 11] (see also Ref. [12] ) is an energy-momentum construction based on the form of the corresponding charge integral in the weak-field limit. Penrose showed that in flat spacetime, one can write the energy-momentum in some volume in terms of a surface integral involving twistors. The simplest way of understanding twistors is that they act as potentials for Killing vectors. He then generalises this construction to curved spacetime. However, because twistors do not generally exist in curved spacetime [13] , the notion of twistors is replaced by the notion of a 2-surface twistor, which is a projection of the twistor equation transverse to the surface. The 2-surface twistor equation is generally hard to solve and the Penrose mass has only been calculated for certain special surfaces, such as spherically symmetric surfaces in spherically symmetric spacetimes [14, 15] .
We exploit the existence of a natural Minkowski background for Kerr-Schild spacetimes as well as the relation of the Penrose charge integral to the Nester-Witten 2-form [16] to modify the original Penrose construction. In particular, we extend the Penrose construction 1 It should be emphasised that amenability to relative ease of computation is an important aspect of reasonability.
2 See Ref. [1] for a review of (quasi-local) energy-momentum constructions in GR.
from the spinor bundle to the bundle of linear frames. The modified Penrose quasi-local energy is then given by a basis transformation from the induced null tetrad to the Cartesian coordinate basis, which is simply the orthonormal basis of the Minkowski background associated with the Kerr-Schild spacetime. The modified Penrose energy is then equal to the integral of the Nester-Witten 2-form, evaluated on the linear frame bundle using the Cartesian coordinate basis over the surface bounding the volume of interest 3
Using Stokes' theorem, the above expression can be rewritten as a volume integral, which, using properties of the Kerr-Schild ansatz, reduces to
i.e. a volume integral of the Einstein tensor. The above charge integral has been proposed before for Kerr-Schild spacetimes [17] [18] [19] . In particular, it coincides with the Einstein and Landau-Lifshitz pseudotensors. However, there are also other inequivalent proposals for the Kerr-Schild quasi-local energy [20] . Furthermore, from a physical point of view, considering a Kerr-Schild spacetime as an exact perturbation on Minkowski spacetime, it would make sense that the Einstein tensor represent the gravitational energy-momentum tensor, since the Einstein tensor vanishes for Minkowski spacetime.
In addition, given the close relation between Kerr-Schild and Minkowski spacetimes, one would expect that there is a relation between solutions of the 2-surface twistor equation on a Kerr-Schild background and twistors in Minkowski spacetime. We investigate also this possibility and find that indeed for the case where the Kerr-Schild null vector is orthogonal to the surface and shear-free, 4 there is a one-to-one correspondence between the 2-surface twistors on the Kerr-Schild background and those on Minkowski spacetime.
While the results in this paper are restricted to the setting of Kerr-Schild spacetimes, which have the advantage of admitting a natural background, and it is hard to see how one can generalise the construction in this paper, the result is significant in that it not only emphasises the importance of a background geometry, but also, perhaps more importantly the significance of the bundle on which the quasi-local energy is defined. The fact that the equivalence principle precludes a tensorial energy-momentum quantity makes pseudotensors, viewed as sections of a particular bundle, the only real viable option.
3 A brief description of the conventions is provided at the end of the introduction. 4 The Goldberg-Sachs theorem [21] A provides a brief review of spinors and the GHP formalism, knowledge of which will be assumed in the main text of the paper.
Conventions and notation:
We work with geometrised units, the metric signature is
for any derivative operator ∇ a and dual vector field ω d . The symmetrisation of a tensor T ab is denoted by
and the antisymmetrisation by
with the corresponding generalisations for tensors and spinors of arbitrary valence. We use the abstract index notation [22] and denote discrete indices with bold Latin letters 
Kerr-Schild metrics
The class of Kerr-Schild metrics can be thought of as exact linear perturbations on flat Minkowski spacetime. 5 Working in Cartesian coordinates (t, x, y, z), the Kerr-Schild class 5 See Ref. [23] for an introduction.
is defined by the following line element
where η ab is the standard Minkowski line element in Cartesian coordinates and S and k are a scalar function and a null vector defined on the background Minkowski spacetime, respectively.
We generally focus on Kerr-Schild solutions of the Einstein equation where the matter energy-momentum tensor satisfies
This includes vacuum Kerr-Schild spacetimes, which are sufficient for gravitational energy constructions.
Assuming that equation (2.2) is satisfied, we list some important properties of KerrSchild metrics [23] :
where D ≡ k a ∂ a . The first equation gives that k is an affinely parametrised geodesic, while the second equation implies that k is a multiple principal null direction of the Weyl tensor C abcd , and hence, the spacetime is algebraically special. Moreover, the Einstein tensor is simply given by
An important example of such a metric is that corresponding to the Kerr-Newman black hole given by
Penrose quasi-local energy
The Penrose charge integral associated to generic 2-surfaces S of spherical topology is given
where ω A and λ B solve the 2-surface twistor equation
for the components of the spinor fields ω A and λ A with respect to a GHP spin frame (o A , ι A ) and
with R abcd the Riemann curvature tensor.
Penrose's charge integral and the corresponding propagation law for the spinor fields can be derived by considering the weak-field limit of general relativity on Minkowski spacetime, as we will now briefly review following Ref. [1] . As for global energy constructions in the weak-field approximation and the gravitational mass in Newtonian gravity, the quasilocal energy of the gravitational field is expected to be a surface integral of the curvature associated to an extended, but finite 2-surface S. It should be equal to the charge integral of the non-gravitational fields acting as a source for the curvature. Thus, we expect that The curvature integral A S can be considered to constitute a bilinear map in ω A and λ B , and defines by its value the so-called angular momentum twistor A αβ
dimensional Sen operator [1, 24] . The 2-dimensional Sen operator ∆ a is simply the projection of the Levi-Civita connection to the tangent space of the 2-surface S,
where Π a b is the projection operator onto the surface. More precisely, given an orthonormal set of timelike and spacelike vectors (t a , v a ), respectively, normal to the surface S,
The energy-momentum defined by the Penrose charge integral is an off-diagonal spinor part of the angular momentum twistor A αβ , which can be extracted in terms of the following contraction
where
is the Nester-Witten 2-form on the bundle of spin frames and I βγ is the infinity twistor, which ensures that the overall contraction with the angular momentum twistor yields the left-hand side of equation (3.8) . 7 The last equality in (3.8) follows from the 2-surface twistor equation [16] . The Nester-Witten 2-form can be extended to the bundle of linear frames by a vierbein θ α a and the transformation matrix A a α relating the induced null basis to the Minkowski basis according to
where (ǫ A A ) is a spin frame, (n a a ) the null basis obtained by the tensor product of (ǫ A A ) with itself, (θ a α ) the canonical Minkowski basis given by a constant linear combination of the induced null basis and (δ a a ) the Cartesian coordinate basis. 8 Thus, considering the spin frame ǫ A A with ǫ 0 A = π A , the 00-component of the energy-momentum is given by the Nester-Witten integral
is the extension of the Nester-Witten 2-form W [π A ] to the bundle of linear frames with ω cd = ω cd b dx b and ω µ a ν being the spin connections defined according to ∇ a θ a ν = ω µ a ν θ a µ . We denote the inverse transformations of A a α and θ α a by A α a and θ a α , respectively.
Modifying the Penrose energy
The contraction P AA ′ π AπA ′ is expected to be constant on the surface S as can be seen from its definition in terms of the original Penrose charge integral, cf. equation (3.8) . This constancy as well as other issues such as the existence of an infinity twistor and hence, the well-definedness of the overall contraction P AA ′ π AπA ′ = −A αβ Z α I βγZ γ is an outstanding problem. In fact, Helfer [25] claims that no such infinity twistor exists on curved spacetimes and the particular combination P AA ′ π AπA ′ may neither be constant on S nor extractable from A αβ at all. Therefore, he proposes to consider the Nester-Witten 2-form integral directly as the defining value of the contraction
For the following discussion, we assume that the original Penrose construction is well-defined for Kerr-Schild spacetimes or, alternatively, adopt the suggestion of Helfer and consider the Nester-Witten 2-form integral evaluated on the bundle of spin frames as the defining value of the contraction P AA ′ π AπA ′ . We discuss 2-surface twistors on Kerr-Schild spacetimes in section 5. 8 We denote the discrete index of the induced Minkowski basis by Greek letters in order to distinguish the membership of the different indices to the different bases.
By the assumed constancy, we can write P 00 as
and interpret the integrand as the 0-component of the energy-momentum surface density with respect to the induced null tetrad with n 0 a = π AπA ′ . Therefore, the quasi-local energymomentum with respect to the Cartesian coordinate basis is given by
This integral can be related to the above P 00 as follows. The 2-surface twistor equation has generically exactly four linearly independent solutions for surfaces of spherical topology [26] (see, however, Ref. [27] ). These four solutions define four spin frames with ǫ A comparison of the coefficients of the above expansions yields
Therefore, from equations (4.3)-(4.6) we obtain
Stokes' theorem allows us to rewrite the above surface integral in terms of a volume integral
and as we find below this turns out to be a particularly interesting quantity.
Note that the Sparling equation [28] [29] [30] gives a beautiful relation between the exterior derivative of the Nester-Witten 2-form and the Einstein tensor
where S α [θ a α ] is the Sparling 3-form and In what follows, we calculate the Nester-Witten 2-form and its exterior derivative for the Kerr-Schild class on the bundle of linear frames. We express the vierbein relating the orthonormal frame (θ a α ) induced by the 2-surface twistor equation to the coordinate basis (δ a a ), such that g ab = θ α a θ β b η αβ , as (cf. Ref. [31] )
where k α = e α a k a = θ α a k a and e α a is the vierbein connecting the induced orthonormal frame to the background Minkowski basis. Expanding the torsion-free, metric compatible covariant derivative of an arbitrary vector with respect to the orthonormal and the coordinate basis yields the following relation between the spin connections and the vierbein
The evaluation of equation (4.12) for the vierbein given by (4.11) leads to
for the spin connection of Kerr-Schild metrics. This can be used to evaluate the NesterWitten 2-form given by (3.11). The final expression is
The exterior derivative of (4.14) turns out to be the Einstein tensor (see equation (2.4) Substituting the above equation into equation (4.8) gives that the quasi-local energymomentum of Kerr-Schild spacetimes given by (4.7) is the Einstein tensor integral
While the original Penrose charge integral was only defined for the generic surfaces of spherical topology allowing for a 4 complex-dimensional 2-surface twistor space, the Einstein tensor integral is defined for arbitrary volumes in Kerr-Schild spacetimes. Thus, our construction may be evaluated for arbitrary surfaces.
2-surface twistors on Kerr-Schild spacetimes
In this section, we would like to address some questions associated with the 2-surface twistor space for Kerr-Schild spacetimes.
For simplicity, we consider 2-surfaces S in Kerr-Schild spacetimes for which the geodesic null vector k is a normal vector. 10 In this setting, the spin frame (κ A , ι A ) with k a = κ AκA ′ 10 The more general setting is too unwieldy for now. However, it would be very interesting to generalise is a GHP frame on S and induces a null tetrad of the form (k a , n a , m a ,m a ). Thus, the Kerr-Schild line element can be expressed as
Rearranging the above equation then gives a null tetrad for the Minkowski background
Hence, the tetrad (k a , n a − Sk a , m a ,m a ) is a null tetrad with respect to the Minkowski background with k normal to S. The spin coefficients appearing in the 2-surface twistor equation with respect to the GHP frame (κ A , ι A ) are
where δ = m a ∇ a and δ ′ =m a ∇ a , see e.g. [11, 22] . Due to the geodesic and null properties of k, the only change in the above spin coefficients due to a change of basis from (k a , n a , m a ,m a )
to (k a , n a − Sk a , m a ,m a ) occurs in σ ′ , which transforms as
From section 2 and equation (2.3) in particular, we know that aligned 11 Kerr-Schild spacetimes are algebraically special. Therefore, the Goldberg-Sachs theorem guarantees that for 
Relation to pseudotensors and ADM energy
The notion that the Einstein tensor acts as an energy-momentum density for Kerr-Schild spacetimes is supported by other energy-momentum constructions.
The energy-momentum pseudotensors of Einstein, Landau and Lifshitz, Tolman, Papapetrou, and Weinberg are proportional to the Einstein tensor with respect to the Cartesian coordinates of Kerr-Schild spacetimes [19] .
Furthermore, the quantity P KS 0 reproduces the ADM energy for asymptotically flat KerrSchild spacetimes in the appropriate limit. The ADM energy is the numerical value of the Hamiltonian surface integral of linearised gravity [32] and is given by
where h ij is the linear perturbation from the flat (spatial) metric in terms of asymptotically flat Euclidean coordinates, the summation over the spatial indices i and j runs from 1 to 3 and the vector n i is the unit outward normal of the 2-sphere S 2 r with asymptotically Euclidean radius r. Considering asymptotically flat Kerr-Schild spacetimes, where the components of the Kerr-Schild deviation in terms of the Cartesian coordinate basis fall off sufficiently fast at large radii r = √ x i x i and a potential time dependence at spatial infinity does not contribute to the final integral, equations (2.4) and (4.16) lead to
The deviation from the induced spatial metric of the asymptotically flat Kerr-Schild spacetime is h ij = −2Sk i k j , thus from equations (6.1) and (6.2) we find
Therefore, the Einstein tensor integral satisfies the correct large sphere behaviour at spatial infinity for asymptotically flat Kerr-Schild spacetimes by reproducing the ADM energy.
A Spinors and the Geroch-Held-Penrose (GHP) formalism
Spinors are defined as sections of the spinor bundle whose fibre at a point is a 2-dimensional complex vector space, called the spin space. There exists a unique inner product on this space given by
where ǫ AB is an antisymmetric spinor such that
Equivalently, ǫ AB and ǫ AB can be used to lower and raise spinor indices, respectively.
Thus, 12
We may choose a GHP [33, 34] The metric
and we construct a complex null frame (ℓ a , n a , m a ,m a ) via the following identification
where, for example,ō A ′ is the complex conjugate of o A . Equations (A.4) and (A.6) then imply that the only non-trivial inner products between the null frame vectors are ℓ a n a = 1, m Using such a Newman-Penrose [33] or GHP [34] frame, one can construct scalars by taking the components of tensors along the null frame directions. For example, for a covector V a ,
Taking the components of the covariant derivatives of the frame vectors along the null frame gives twelve independent complex spin coefficients. For example, for some components of the derivative of ℓ a , we have
Physically, the above scalars parametrise the geodesity, shear, expansion and twist, respectively, of the null congruence of ℓ a . Defining a prime operation so that 13
κ ′ , σ ′ , ρ ′ and τ ′ parametrise the geodesity, shear, expansion and twist, respectively, of the null congruence of n a .
All the eight spin coefficients defined above are GHP scalars in the following sense: a GHP scalar η of spin weight {p, q} is defined as a scalar such that under the following 13) for some arbitrary complex scalar λ, η → λ pλq η.
(A.14)
For example, κ is a GHP scalar of weight {3, 1}, as can be easily verified from its definition in equation (A.11).
Of the twelve independent complex spin coefficients, the remaining four
as well as β ′ and ǫ ′ are not GHP scalars. These spin coefficients can be used to define "GHP covariant" derivative operators acting on a GHP scalar η of spin weight {p, q} as follows: 
